
Our construction: (𝑑 = 1) Let 𝑇 ∈ ℤ≥0. Find 

𝜆𝑗 and 𝑪 such that
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𝑛
 

𝑗=1

𝑛

𝑒𝑖 𝜔 𝑋𝑗 =  

𝑋𝑗 𝜖 𝑪

𝜆𝑗𝑒
𝑖 𝜔 𝑋𝑗

for all 𝜔 ≤ 𝑇. By Carathéodory’s theorem, 

can choose 𝑪 = 𝑂(𝑇).
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 𝑓 𝑦 =
1

𝑛
 

𝑗=1

𝑛

𝐾ℎ 𝑋𝑗 − 𝑦 = 𝔼𝑋∼ℙ𝑛
[𝐾ℎ 𝑋 − 𝑦 ]

To improve on computational aspects of 

the KDE, we use coresets. 

Theorem KDE achieves the minimax rate of 

estimation 𝑛
−

𝛽

2𝛽+𝑑 over Hölder 𝛽 densities.

Proof (Fourier analysis of KDE, 𝑑 = 1)  Let 

𝐹denote the Fourier transform. Assume 𝐹 𝐾 (𝜔) = 1
near the origin. Controlling the bias: 

Theorem For appropriate kernel, the 

Carathéodory KDE achieves the minimax rate 

𝑛
−

𝛽

2𝛽+𝑑 with a coreset of size

𝑪 = 𝑛
𝑑

2𝛽+𝑑
+𝜀

∀ 𝜀 > 0. 
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Coreset Density Estimation

Coreset KDE: 

 𝑓𝑪 𝑦 =  

𝑋𝑗 𝜖 𝑪

𝜆𝑗 𝐾ℎ 𝑋𝑗 − 𝑦 = 𝔼𝑋∼ℙ𝑪
[𝐾ℎ 𝑋 − 𝑦 ]

Kernel density estimator (KDE):

Coreset: a weighted subset that summarizes the 

original dataset

Goal: reconstruct a probability density function

from data 𝑋1, … , 𝑋𝑛

Open Question

=  𝜔 1 − 𝐹 𝐾ℎ 𝜔 𝐹 𝑓 𝜔 𝑒−𝑖𝜔𝑦0

=  𝜔 𝐹 𝑓 𝜔 𝑒−𝑖𝜔𝑦0 − 𝔼  𝜔 𝐹  𝑓 𝜔 𝑒−𝑖𝜔𝑦0

𝑓 𝑦0 − 𝔼  𝑓 𝑦0

≤  
𝜔 >

1

ℎ

1 − 𝐹 𝐾 𝜔ℎ 𝐹 𝑓 𝜔 ≲ ℎ𝛽

Bias – variance tradeoff: if ℎ ≍ 𝑛
−

1

2 𝛽+1, then 

Error2 = Bias2 + Variance = ℎ2𝛽 +
1

𝑛 ℎ
≍ 𝑛

−
2𝛽

2 𝛽+1

𝐹[𝐾ℎ] 𝜔 ∙
1

𝑛
 𝑗=1

𝑛 𝑒𝑖𝜔𝑋𝑗

Results

Our analysis: Suppose 𝐹 𝐾 𝜔 ≲ 𝜔 −𝛾. Setting 

𝑇 ≍ ℎ
−1−

𝛽

𝛾 , we have

 𝑓 𝑦0 −  𝑓𝑪(𝑦0)

=  𝜔 𝐹  𝑓 −  𝑓𝑪 𝜔 𝑒−𝑖𝜔𝑦0

≲  𝜔 >𝑇 𝐹 𝐾 𝜔ℎ ≲ |𝑇ℎ|−𝛾 ≲ 𝑛
−

𝛽

2𝛽+1.   

≲  𝜔
1

𝑛
 𝑗=1

𝑛 𝑒𝑖𝜔𝑋𝑗 −  𝑋𝑗∈𝑪 𝜆𝑗𝑒
𝑖𝜔𝑋𝑗 𝐹 𝐾ℎ 𝜔

Therefore, 𝑓 𝑦0 −  𝑓𝑪(𝑦0) ≲ 𝑛
−

𝛽

2𝛽+1.

Let ℙ𝑛 = empirical measure and ℙ𝑪 = measure 

on coreset with probabilities {𝜆𝑗}. We showed 

 𝐾ℎ 𝑋 − 𝑦 dℙ𝑛 ≈  𝐾ℎ 𝑋 − 𝑦 dℙ𝑪 .

Question (coresets for many tasks): Given a 

class ℱ, what size of 𝑪 guarantees 

sup
𝑓∈ℱ

 𝑓 𝑋 dℙ𝑛 ≈ sup
𝑓∈ℱ

 𝑓 𝑋 dℙ𝑪 ?

Remarks

• We show any coreset procedure requires at 

least 𝑛
𝑑

2𝛽+𝑑 points to achieve minimax rate

• Flexibility in the weights allows Carathéodory

KDE to improve upon existing approaches
Goal: Establish rate of estimation of coreset KDEs
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coreset 
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